Abstract. Let A 1 , . . . , An, A n+1 be a finite sequence of algebras of sets given on a set X, n k=1 A k = P(X), with more than 4 3 n pairwise disjoint sets not belonging to A n+1 . It has been shown in the author's previous articles that in this case n+1 k=1 A k = P(X). Let us consider, instead of A n+1 , a finite sequence of algebras A n+1 , . . . , A n+l . It turns out that if for each natural i ≤ l there exist no less than
pairwise disjoint sets not belonging to A n+i , then n+l k=1 A k = P(X). Besides this result, the article contains: an essentially important theorem on a countable sequence of almost σ-algebras (the concept of almost σ-algebra was introduced by the author in 1999), a theorem on a family of algebras of arbitrary cardinality (the proof of this theorem is based on the beautiful idea of Halmos and Vaughan from their proof of the theorem on systems of distinct representatives), a new upper estimate of the function v(n) that was introduced by the author in 2002, and other new results.
1. Introducton 1.1. Definition. By an algebra A on a set X we mean a nonempty system of subsets of X possessing the following property: if M 1 , M 2 ∈ A, then M 1 ∪M 2 , M 1 \M 2 ∈ A.
1.2. Here is some information necessary for understanding the article. All algebras are considered on some abstract set X = ∅. Unless the contrary follows from the context, by a set we always mean a subset of X. As usual, P(M ) denotes the set of all subsets of M . The symbol #(M ) denotes the cardinality of the set M . By N + we denote the set of natural numbers. By N we denote the set of nonnegative integers. If n 1 , n 2 ∈ N + and n 1 ≤ n 2 , then
By ρ we denote the maximum integer ≤ ρ. By ρ we denote the minimum integer ≥ ρ.
1.3.
A few words about the results of the present article. The theorems deduced further develop the theory introduced in [Gr1] and [Gr2] . Note that [Gr1] is fully comprised in [Gr2] . Suppose n ∈ N + and ψ : [1, n] → N + is a function such that if a sequence of algebras A 1 , . . . , A n is given and for each k ∈ [1, n] there exist ψ(k) 52 L.Š. GRINBLAT pairwise disjoint sets not belonging to A k , then n k=1 A k = P(X). Let us construct the following function:
3 n + 1 if k = n + 1. In both [Gr1] and [Gr2] it is shown that if a sequence of algebras A 1 , . . . , A n+1 is given and for each k ∈ [1, n+1] there exist ψ (k) pairwise disjoint sets not belonging to A k , then n+1 k=1 A k = P(X). Note that the estimate 4 3 n + 1 is the best possible in a certain sense (see Theorem 2.2(2) in [Gr2] ). Now, take l ∈ N + and construct the function as follows:
It turns out that if a sequence of algebras A 1 , . . . , A n+l is given and for each k ∈ [1, n+l] there exist ψ (k) pairwise disjoint sets not belonging to A k , then n+l k=1 A k = P(X). If l = 1, we arrive at the above-mentioned result from [Gr1] and [Gr2] .
Let ψ * :
. . be a countable sequence of algebras and for each k ∈ N + there exist ψ * (k) pairwise disjoint sets not belonging to B k . Can we assert that B k = P(X)? Generally speaking, no (see [Gr2] ). However, for B k being σ-algebras, it is true. We are interested in the situation when B k are almost σ-algebras. (The concept of an almost σ-algebra was introduces in [Gr1] . Here, it is given in Section 2.5.) We have deduced an essentially important Theorem 2.6 on a countable sequence of almost σ-algebras.
We consider the families of algebras {A λ } λ∈Λ such that for each λ there exist two sets U
Interesting results have been achieved here: Theorem 2.10, when the cardinality of Λ is not restricted in any way, and Theorem 2.14, when #(Λ) = ℵ 0 and A λ are almost σ-algebras. It should be pointed out that, as was shown in [Gr1] and [Gr2] , λ∈Λ A λ = P(X) if 1 ≤ #(Λ) < ℵ 0 and the algebras A λ are not restricted in any way.
Last but not least, we consider an interesting function v(n), which was introduced in [Gr2] . The problem on the upper estimate is both complicated and interesting. Given here is a new upper estimate of v(n). [Gr1] and on which the investigation in [Gr1] and [Gr2] was based. We will consider ultrafilters on X. Each ultrafilter is a point βX, and vice versa, each point βX is an ultrafilter on X. (Here, as usual, βX is the Stone-Cech compactification of X in discrete topology.)
This section deals with the Main Idea which first appeared in
Consider an algebra A and a set U / ∈ A. There are two possible cases: The considerations given in this section are used in the proofs of all the theorems below.
Formulating the results
2.1. Definition. For each pair of numbers n, l ∈ N + define the minimum number q l n ∈ N such that if A 1 , . . . , A n , A n+1 , . . . , A n+l is a sequence of algebras and (1) We have managed to prove the following theorem.
Estimation of numbers q
Theorem. q 
. , A n is given, and for each k ∈ [1, n] there exist ψ(k) pairwise disjoint sets not belonging to
A k , then n k=1 A k = P(X). For each n ∈ N + , denote by g(n) the minimum natural number such that the function ψ(k) = g(n) for all k ∈ [1, n] belongs to Ψ n . Let us fix n ∈ N + .
By definition, ξ(n; k) is any function (of the variable k) defined on [1,n], taking values in N
+ , and satisfying
It is easy to show that ξ(n; k) ∈ Ψ n . Assume that n ∈ N + and for each k 
Let m ≤ n be natural numbers. One can show that the function 
2) the function ψ(k) ≡ g(n + 1); 3) the functions of the type ξ(n + 1; k); 4) the functions of the type
(In [Gr2] , we present the inductive metod for constructing functions from Ψ
n . Yet, it is less perfect since it makes no use of the numbers q l m .)
An algebra A is called a σ-algebra if for any countable sequence
, there was introduced an essentially important concept: an algebra A is said to be an almost σ-algebra if for any countable sequence of sets
Denote by Ψ the totality of all functions ψ: N + → N + possessing the following property: for each n ∈ N + there exists a function ψ n ∈ Ψ n such that
2.6. Let ψ ∈ Ψ, and let A 1 , . . . , A k , . . . be a countable sequences of σ-algebras such that for each k there exist ψ(k) pairwise disjoint sets not belonging to A k . Then, as was mentioned in Section 1.3, A k = P(X). It is not known whether this statement holds true when σ-algebras are replaced with almost σ-algebras. 
The next theorem generalizes in depth some of the main results from [Gr1] and [Gr2] . 
Theorem. Let ψ ∈Ψ, and let
2.7. Remark. It should be pointed out that, besides the Main Statement, the proofs of the result on σ-algebras given in Section 2.6 and Theorem 2.6 use the deep and nontrivial theorem of Gitik-Shelah from [G-S] . The authors' proof of this theorem is metamathematical and uses the forcing method. Purely mathematical proofs have been proposed by Fremlin in [F1] and [F2] , and by Kamburelis in [K] . In [Gr2] we give a purely mathematical proof of the Gitik-Shelah theorem following [K] .
2.8. In [Gr1] and [Gr2] , the following theorem was proved. 
Theorem. Let
2.9. Remark. As was mentioned in Section 1.3, if considered in Theorem 2.8 is a finite sequence of algebras, the condition of σ-additivity of algebras can be ignored.
2.10. The following theorem deals with a family of algebras having arbitrary cardinality. Its proof uses the idea of the proof of Theorem 2.8 (which, in turn, uses the Main Statement) as well as the idea of applying the Tychonoff theorem to proving a theorem on a system of distinct representatives (see [H-V] 2.12. We do not know whether Theorem 2.8 is true if σ-algebras are replaced by almost σ-algebras. Yet the following theorem, the proof of which is based on the idea of the proof of Theorem 2.8, is true. 
